This paper studies the Yang-Lee singularity of the 2-dimensional Ising model on the cylinder via transfer matrix and finite-size scaling techniques. These techniques enable a measurement of the 2-point and 3-point correlations and a comparison of a measurement of a corresponding universal amplitude with a prediction for the amplitude from the (A4, A1) minimal conformal field theory.
In 1985, Cardy [1] provided evidence that the Yang-Lee edge singularity [2] of the 2-dimensional (2D) Ising model could be described by the non-unitary (A 4 , A 1 ) minimal conformal field theory (CFT) [3, 4] of the ADE classification [5] . Cardy's identification provided several CFT predictions for the Yang-Lee edge singularity of the 2D Ising model. The predictions for the central charge, the exponent ν, and the low energy excitation spectrum have been confirmed by numerical measurements on lattice spin models [6] .
Cardy also determined the forms of 2-point and 3-point correlations of the single primary field in the (A 4 , A 1 ) minimal CFT [1] . These correlations define a universal amplitude, which is known as a structure constant [3, 7] . The predictions of universal amplitudes are an important advance that CFT brought to the understanding of critical points. Since these predictions of CFT are based on nontrivial applications of crossing symmetries, they deserve to be experimentally tested [3] .
While lattice models have been used to numerically test some predictions of universal amplitudes in unitary minimal CFTs [3, 7, 8] , no tests of such predictions have been done for the non-unitary CFTs. This article tests such a prediction for a non-unitary CFT by numerically measuring spin correlations at the Yang-Lee edge singularity of the 2D Ising model. The measurements enable a test of the CFT prediction of a universal amplitude in the non-unitary (A 4 , A 1 ) minimal CFT.
As pointed out by Cardy [1] , the non-unitary (A 4 , A 1 ) minimal CFT has a single primary field φ(z,z), which has left and right conformal weights of -1/5 and a scaling dimension x of -2/5. The 2-point and 3-point correlations of the primary field φ(z,z) have the respective forms:
and
With the Coulomb gas formalism [7] , Cardy showed that the single structure constant, C, of the non-unitary (A 4 , A 1 ) minimal CFT has the value [1] :
In this article, numerical measurements at the Yang-Lee edge singularity check this CFT prediction. The numerical measurements were made for the 2D ferromagnetic Ising model whose Hamiltonian, H, is:
In the ferromagnetic Hamiltonian, the spin-spin coupling J is positive. For the Ising model, the Yang-Lee edge singularity occurs at temperatures above the critical temperature and for purely imaginary values of the magnetic field, h, i.e., h = iB with B real [2] . In particular, spin correlations were measured at a temperature, T, for which J/k B T = 0.1 For the above Hamiltonian, the transfer matrix was used to evaluate the correlations. In particular, 2-spin and 3-spin correlations were evaluated on torii of length, M , and of various diameters, N . In these evaluations, M was always much larger than N , i.e., M = 512 and N = 3 -8. Thus, the measured correlations had the same distance behavior as correlations on an infinitely long cylinder when distances between spin fields were very small compared to M .
From the numerical evaluations, finite-size scaling provided the tool for extracting values of physical properties in the thermodynamic limit [9] . In particular, the spin correlations are measured at special values of the purely imaginary magnetic field, h(N ) = iB Y L (N ). Each special value , B Y L (N ), satisfies the phenomenological renormalization group (PRG) equation for infinite cylinders of diameters (N − 1) and N :
In the PRG equation, ξ(iB, N ) is the spin-spin correlation length on the infinite cylinder of diameter N when the magnetic field is iB. The PRG equation imposes that the spin-spin correlation length scales linearly with N as N → ∞. When evaluated at PRG values of the magnetic field, other physical quantities will scale with the width, N , to their values in the thermodynamic limit, i.e., near the Yang-Lee edge singularity [10, 6] .
On an infinite cylinder of width N , CFT predicts that correlations will depend exponentially on the distances between the fields in the correlations when said distances are large compared the cylinder's diameter, N [11] . For a 2-point correlation, the correlation length is related to the scaling dimension, x, of the two conformal fields of the correlation. In particular, the 2-point correlation has the form exp(−2πx(y 1 − y 2 )/N ) when |y 1 − y 2 | >> N . Here, y 1 and y 2 are the positions of the two fields of the correlation along the axis of the infinite cylinder. For the 3-point correlation, the exponential behavior on the distances between the fields of the correlation is again fixed by the scaling dimensions, x ′ s, of the various fields of the correlation. At the Yang-Lee edge singularity of the 2D Ising model, we used the amplitudes of the 2-spin and 3-spin correlations, i.e., A ss and A sss , respectively, to evaluate the 3-spin structure constant. In particular, the measured values of the 3-spin structure constant, C(N ), were obtained from the relation:
Here, A ss (iB Y L (N )) and A sss (iB Y L (N )), are the measured amplitudes of the 2-spin and 3-spin correlations, respectively, at PRG values of the magnetic field. Similarly, we used the PRG measurements of the correlation length ξ(N ) to measure the conformal dimension, x, of the spin field, i.e.,
The scaling behavior of these physical quantities with the cylinder's width, N , was used to obtain their values in thermodynamic limit, i.e., as N → ∞. Table 1 Table 1 : PRG Measurements of conformal dimension and structure constant.
In these measurements of correlations, adjacent spin fields were separated by distances that were large compared to N and small compared to M . In particular, we measured correlations in which the distances between adjacent spin fields were between about 4N and 0.06M . For such distances, the CFT prediction of an exponential dependence on the distances between fields was obtained. In Table 1 , the ∞ line shows values obtained by extrapolating our measurements to the thermodynamic limit, i.e., N = ∞. The extrapolated values were obtained from nonlinear fits of the measured values of x(N ) and |C(N )| to functions of form f (N ) = f (∞) + f 1 N −α , i.e., to account for leading finite-size corrections. In each such extrapolation, the coefficient, f 1 , and the scaling power α were determined by finding the best fit to the measured data points. The best fits were found when the scaling corrections or x(N ) and |C(N )| had exponents, α, of about 2.4 and 1.2. In Table 1 , the last line shows Cardy's CFT predictions for x and |C| from the (A 4 , A 1 ) non-unitary minimal CFT as the model. Figure 1 , the black squares represent the measured C(N )'s, the empty square represents the value of C(∞) obtained from the best fit to the measurements, and the black circle represents Cardy's CFT prediction for C(∞).
The measured structure constants for cylinders of diameter 3 -8 exhibits an approximate finite-size scaling correction of the form N −1.2 . The finite-size scaling motivated fit matches the measured values of structure constant well except for the thinnest cylinder, N = 3. There, one is not surprised that a large N expansion does not work well. Finally, the dot shows the structure constant predicted by CFT.
In conclusion, our finite-size scaling measurements for the 2D Ising model at the Yang-Lee edge singularity produce a value of the structure constant that agrees well with that of the (A 4 , A 1 ) minimal CFT. These measurement confirm the CFT prediction of this universal amplitude at the Yang-Lee edge singularity of the 2D Ising model.
